!'_ COMP 233 Discrete Mathematics

Chapter 5

Sequences and
Mathematical Induction



j Outline

= Seguences:
= Explicit Formulas;
= Summation Notation;
= Sequences in Computer Programming;

= Proof by Mathematical Induction (I and II)

= Proving sum of integers and geometric
sequences

= Proving a Divisibility Property and Inequality
= Proving a Property of a Sequence
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Sequences

Idea: Think of a sequence as a set of elements written in a row:
8y, @y 83y -« 4 A, finite sequence
- - Y- Y I Infinite sequence

Each individual element a, is called a term.
The k in a, is called a subscript or index

Observe patterns

Determine the gumber of points in the 4t and 5% figure
@ 00
® 00 o000 °? ?

1 2 3 4 5
Determine the next 2 terms of the sequence
4,8, 16, 32, 64

Induce the formula that could be used to determine any term in
the sequence
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Finding Terms of Sequences Given by Explicit
Formulas

Define sequences ay, a,, a;, . .. and b,, b;, b,, . . . by the following

explicit formulas: .
P a,=__k forsome integers £>1

k+1
b;=_1-1 forsome integers /=2

Compute the first five terms of both sequences.

Compute the first six terms of the sequence ¢, ,c¢;, ¢, ., ...
defined as follows: ¢;=(-1y  forall integers j > 0.
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Finding Explicit Formula to Fit Given Initial Terms

Find an explicit formula for a sequence that has
the following initial terms:

; 41, 41, 1, 1, _1
4 9

ag=—3 for all integers A= 1.

OR

Gk = kr1)2

for all integers A= 0.
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j Exercises

Example: Find an explicit formula for a sequence that has the

following initial terms:
1 2 3 4 5 6

§1 _Zi gl _61 ?1 _éi"'
Solutions: The sequence satisfies the formulas
i > n+1
for all integers n > 0, a, = (_1)n
n+3

for all integers n > 1, n

n+2

a, = (_1)/7—1
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Summation Notation

Suppose &y,8, ,d3, - . - ,d, are real numbers. The “summation from /
equals 1 to nof asub-/” is

n
> di =dqt+dy +az +---+dp.
/=1

"
If m and n are integers and m =< n, the symbol 3 g, read the summation from

Emm
k equals m to n of a-sub-k. is the sum of all the terms ay, @y4p, Omez. ---. -
We say that dp, =+ dy+) + dmsz + . .. + d, is the expanded form of the sum, and
We wriie

]
Y Ot = G+ At + g2 + o F

b

We call & the index of the summation, m the lower limit of the summation, and n
the upper limit of the summation.
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j Exercises

Ex: Use summation notation to write the following sum:
1 2 3 4 5 6
+ + :

Solution: By the example on the previous slide, we can write:

5
1_%+§_i+§_§22(_1)n(n+1j_
3456 78 ~ n+3

or.

6
1_Z+§_i+§_922(_1)n+1£Lj
3456 7 8 ~ N+ 2
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Exercises

let &= -2, &= -1, &=0,a=1, and &= 2.
Compute the following:

5 2 2
a. Z; a, b. ZZ: a, C. Z; a,

Example 5.1.4 Computing Summations

Leta; ==2,a; =—=1,a: =0,a4 = 1, and as = 2. Compute the following:
5 2 2
a. E Fels b. Zﬂk C. Zag;—
k=1 k=2 k=1

Solution
5

a. Za;-=a| +artas+as+as=(=2)+ (-1 +0+14+2=0
k=1

2
b. E ap = a» = — |1
k=2

2

c. Zﬂ'gk = +drr=ar+ay==1+1=0
k=1
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Summation to Expanded Form

Write the following summation in expanded form:

/1

ey
o [+
/=0
- (—1)’_(—1)() - (=D?  (=1)° (—1)"
iz(;ml_0+1+1+1+2+1+3+1+"'+n+1
I Gt U B G § (—=1)"
R R T
11 1 (—1)"
— ] — — 4+ — — — ...
2+3 4+ +n—|—l
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Expanded Form to Summation

Express the following using summation notation:

1 + 2 + 3 + ...+ ml
n m1 n+2 2N
12 3 In+1_” k+ 1
n n—l—lln—|—2 n _k_on——k
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Separating Off a Final Term and Adding On
a Final Term n
n+1

Rewrite Z 1 by separating off the final term.

/=1

n+1

Z j2 Z 12 (n 1)2

=l

1
Write Z 2k 4 Pn+l as a single summation.
k=0
n n+1
sz+2n—|—] - 22/(
k=0 k=0
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i Telescoping Sum

" /1 1
> (541

~(i-2)+(5-3)+ G-a) e+ (i -0)+ G-

1
+ 1

=



Product Notation

n
If m and n are integers and m < n, the symbol [] a, read the product from k
k=m
equals m to n of a-sub-k, is the product of all the terms a,,, @ni1, Any2s - .., Q.
We write "

[]a = an-ans1-amiz---an.
k=m

A recursive definition for the product notation is the following: If m is any
integer, then

L it i1
]_[ ap = Ay, and ]_[ a, = ]_[ ay | -a, forall integers n = m.
k=m k=m —m
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j Computing Products

= Compute the following products:

s = 1%2%3%4%5=120

k

b.]_[m

k=1

s =1/2
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Properties of Summations

Theorem 5.1.1

If a,.a, . apys....and by, by oy, by as. ... are sequences of real numbers and ¢
is any real number, then the following equations hold for any integer n = m:

1. Zak - Z-’Jk = Z(ak + by)

k=m k=m k=m
n n
2. ¢e- Zak = Zf“ak generalized distributive law
k=m k=m
n n n
3. (]_[ ak) . ( l_[ E:lk) = l_[[ﬂ';_--bk}.
k=m k=m k=m

© Susanna S. Epp, Kenneth H. Rosen, Mustafa Jarrar, Nariman TM Ammar and Ahmad Abusnaina 2005-2018, All rights reserved



Letay = k + 1 and by = k — 1 for all integers k. Write each of the following expressions
as a single summation or product:

et o (M) (M)

k=m k=m

k=m
Solution
a. Zﬂi +2. Zbk = Z:{k + 1)+ 2. Z”{ - 1) by substitution
k=m k=m k=m k=m
=E{k+ l}+22{k— 1) by Theorem 5.1.1 (2)
k=m k=m
= E”k +1)42-(k=1)) by Theorem 5.1.1 (1)
k=m
k=m
b. n n n n
(Hﬂk) . (l_[ hk) = (n{k - l}) - (n{k - l}) by substitution
k=m k=m k=m k=m
= l_[lik'i‘ 1)-(k=1) by Theorem 5.1.1 (3)
k=m
= l_[ Ekl - D xlllu.:ll_rliluru =
k=m
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Change of Variable

n
Example: Transform Y &” by making the change of
variable j= k-1, k=1

When k=1,thenj=1-1=0
When k= n,then j= n-1

J=k—1 = k=j+1 Thusk?= (j+ 1)"

n n-1
So: T k7 =¥ (j+1)”
k=1 Jj=0
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Exercises

Transform the following summation by making the specified
change of variable.

6

Z 1 Change variable j= k+1  FOF (k=0; k<=6; k++)
k+1 Sum = Sum + 1/(k+1)
k=0
7 7

IEEDI

P - k

26: I 27: I For (k=1; k<=7; k++)

- P Sum = Sum + 1/(k)
k=0 k T l k=1 k
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Exercises

Transform the following summation by making the
specified change of variable.

m1
Z _k For (k=1; k<=n+1; k++)
mk Sum = Sum + k/(n+k)
k=1
Change of variable. j = k-1

n n

Z J+1 B k+1
P n+(+1) — n+k+1)

n

% koo k41
P n—+k k:0n+(k—l—l)

For (k=0; k<=n; k++)
Sum = Sum + (k+1)/(n+k+1)
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Sequences in Computer Programming

= What is the difference

. fori:=1ton 2. for j:=0ton—1 3. fork:=2ton 41
print ali ] print al j + 1] print a|k — 1]

next | next j next & H

= Computing the sum

5 :=all] 5:=10
fork :=2ton fork:=1ton

5§ =35+ alk] 5 =5+ alk]
next & next
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=

n+1 k k —|—1

kzln—l—k k:On—l—(k—f—l)

Sum=0
For (k=0; k<=n; k++)
Sum = Sum + (k+1)/(n+k+1)

© Susanna S. Epp, Kenneth H. Rosen, Mustafa Jarrar, Nariman TM Ammar and Ahmad Abusnaina 2005-2018, All rights reserved

22



Factorial |

For each positive integer n, the quantity n factorial denoted n!, is defined to be the
product of all the integers from 1 to n:

nl=n-n—1)---3-2-1.
Zero factorial, denoted 0!, is defined to be 1:
M=1.
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Example 5.1.16 Computing with Factorials

Simplify the following expressions:

8! X 5! 1 1
T "3 © aa T
Solution
8! 8. M
_—_=3
vl y
5! 5.4.3 5.4
= y——:lﬂ
21.31 21.31 2.1
. 1 N 11 §+ 1 4
21.40 0 31317 2140 3 31.3! 4
3 N 4
T 3.21.41 7 31.4.3!
3 4
= 3@ T
7
=34
7
T 144
d {n+1}!_{n+1}~,x!

n! _ n-in—1)-(n =2)-{n—737

(n—=3) (=371

© Susanna S. Epp, Ken =n’=3n"+2n

(n+ 1) n!
n! . (nm—=3)!

by multiplying each numerator and
denominator by just what is necessary to
obtain a common denominator

by rearranging factors

becanse 3-2! = 3land 4. 3! = 4!

by the rule for adding fractions
with a common depominator

=n-in=1)-(n=2)
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n choose r

Let n and r be integers with 0 < r < n. The symbol

)

is read “n choose r” and represents the number of subsets of size r that can be chosen
from a set with n elements.

Observe that the definition implies that (:) will always be an integer because it
is a number of subsets. In Section 9.5 we will explore many uses of n choose r for
solving problems involving counting, and we will prove the following computational
formula:

* Formula for Computing ()

For all integers n and r withO0 < r < n,

(n_) _ H‘I
r] = rliin =r)!’
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Example 5.1.17 Computing (?J by Hand

Use the formula for computing (:) to evaluate the following expressions:

() " (o) (")

Solution

a (8)_ 8
(5)' 51(8 — 5)!

8.7.-6-5-4-3-2T always cancel common factors
= — — — before multiplying
(5-4.3.2.1)-(:3-2°1T)
= 56.
b 4\ 4! _ 4! ____4—-3?2'-_1_ _
4 T 4@ = T A0 T (432D

The fact that 0! = 1 makes this formula computable. It gives the correct value because a
set of size 4 has exactly one subset of size 4, namely itself.

. (”4_[) (n 4+ 1) _{H+l}! _ {H+l}-urf_

= = = n<1
n nliin +1) —n)! n!'l! nt “
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g

Mathematical Induction



Mathematical Induction: A Way to Prove
Such Formulas and Other Things

B Given an integer variable n, we can consider a variety of
properties P(n7) that might be true or false for various
values of n. For instance, we could consider

P(n): 1+3+5+7+..-+02n-1) = n?
P(n): 47— 1 is divisible by 3
P(n): ncents can be obtained using 3¢ and 5¢ coins.

B A proof by mathematical induction:
shows that a given property P(n) is true for all integers
greater than or equal to some initial integer.
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Principle of Mathematical Induction

Let P(n) be a property that is defined for integers n, and let a be a fixed integer.
Suppose the following two statements are true:

1. P{a) is true.
2. For all integers k = a, if P(k) is true then P(k + 1) is true.

Then the statement

for all integers n = a, P(n)
15 true.
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Outline of Proof by Mathematical
Induction

Method of Proof by Mathematical Induction

Consider a statement of the form, “For all integers n = a, a property P(n) is true.”
To prove such a statement, perform the following two steps:

Step 1 (basis step): Show that P(a) is true.

Step 2 (inductive step): Show that for all integers k = a, if P(k) 1s true then
Pk + 1) 1s true. To perform this step,

suppose that P(k) 1s true, where k 18 any
particular but arbitrarily chosen integer with k = a.

[This supposition is called the inductive hypothesis. |
Then

show that P(k + 1) 1s true.
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Mathematical Induction: Example

Example: Prove that for all integers n > 1,
1+3+5+7+ - - .- +2n-1) = 2
Proof: Let the property P(n) be the equation

[1+3+5+7+ . +(2n—1)=n2] « T/;epmpefzyp(n)|

Show that the property is true for n = 1. | Basis Step

When n = 1, the property is the equation 1 = 12,
But the left-hand side (LHS) of this equation is 1,

and the right-hand side (RHS) is 12, which equals 1 also.
So the property is true for n= 1.

© Susanna S. Epp, Kenneth H. Rosen, Mustafa Jarrar, Nariman TM Ammar and Ahmad Abusnaina 2005-2018, All rights reserved 31



Inductive Step for the proof that for all integers n > 1,
1+3+5+7+...+(2n-1) = n2,
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Show that V integers k > 1, if p(k) is true then it is true for p(
k+1):

Let & be any integer with &> 1, and suppose that the property is true for n
= k. In other words, suppose that

1+3+5+7+ - - - +(2k-1) = k2 Inductive Hypothesis

We must show that the property is true for n = K+ 1.
P(k+1) = (k+ 1)?,

or, equivalently, we must show that
1+3+5+7+ - - - +2(k+1)-1)=(k+ 1)
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Inductive hypothesis: 1 +3+5+7+ - -+ (2k—1) = k2
Show: 1+3+5+7+ ...+ (2k+1) = (k+ 1)2

But the LHS of the equation to be shown is

1+3+5+7+.---+(2(k+ 1)-1)
= 1+3+5+7+---+2k-1)+ (2(k+ 1)-1)
by making the next-to-last-term explicit

= K+ (2k+ 1) by substitution from the inductive
hypothesis

= (k+1)2 by algebra,

which equals the RHS of the equation to be shown.

So, the property is true for n = k+1.
Therefore the property P(n) is true.
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Proving sum of integers and geometric sequence

Formula for the sum of the first n integers: For all integers n > 1,

~n(n+1)
==

1+2+3+---+n

Formula for the sum of the terms of a geometric sequence: For all
real numbers r= 1 and all integers n > 0,

n+1
Lt r+r24r34...4pn= " ~1

r—-1
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Example

Theorem 5.2.2 Sum of the First n Integers

For all integers n > 1,

(n+ 1
| +24--tn="0+D
2
Proof (by mathematical induction):
Let the property P(n) be the equation
1
I—{—2—|—3—}—-~—}—n=¥. < P(n)
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Show that P(1) is true:

To establish P(1). we must show that
B I(1+1)

] «— P(l)
2
But the left-hand side of this equation is 1 and the right-hand side is
1U+1)_§_1
2 2

also. Hence P(1) 1s true.

Show that for all integers k > 1, if P(k) is true then P(k + 1) is also true:
[Suppose that P(k) is true for a particular but arbitrarily chosen integer k = 1.
That is: ] Suppose that k is any integer with k > 1 such that

_ktk+ 1D « P(k)
- 2 inductive hypothesis

[We must show that P(k + 1) is true. That is: ] We must show that

(k+ DItk + 1) + 1]
7 ]

| +243+---+k

| +2+3+--+(k+1)=

or, equivalently, that

k+D*+2) _ pypo

2

=

142434+ -+ (k+ 1) =
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‘L Exercises

The left-hand side of P(k + 1) 1s
| +2434---4+(k+1)
k(k 4+ 1)
== k41

)

=14+24+3+---+hk+k+1) term explicit

kh+1) 20k + 1
_kk+D 2k +1)

by making the next-to-last

by substitution from the
inductive hypothesis

2 2
k? 4+ k N 2k 4+ 2
2 2
k? + 3k + 1
- 2
And the right-hand side of P(k + 1) 1s

(k+D(k+2) kK +3k+1

by algebra.

2

s

[Since we have proved both the basis step and the
theorem is true.|

Thus the two sides of P(k 4 1) are equal to the same quantity and so they are equal
to each other. Therefore the equation P(k 4 1) is true [as was to be shown].

7

e

inductive step, we conclude that the

37
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® Definition Closed Form

If a sum with a variable number of terms is shown to be equal to a formula that does
not contain either an ellipsis or a summation symbol, we say that it is written in

closed form.

a. Evaluate24+ 4+ 6+ --- 4+ 500.
b. Evaluate 5 +6 4748+ --- 4+ 50.
c. For aninteger h > 2, write 1 +2+ 3+ ...+ (h — 1) in closed form.

Solution
4 244464 4+500=2-(14+2+3+ -+ 250)
_». (250'25 1) by applying the formula for the sum
2 of the first n integers with n = 250
= 62,750.
b. 54647484 +50=(14+2+3+--+50) = (1+2+3+4)
_ 3051 10 by applying the formula for the sum
of the first n integers with n = 50
= 1,265
e 142434t - = P Z D] Sif:;?’ff:i;?iLﬂi::::“if;i” e
wo—h—
=M since (h — 1)+ 1 = h. n
: 38
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Proving Sum of Geometric Sequences

n kt1 k+2 _ 1
. il g Z < Pk+1)
_Z, S — r—1
= a k
— I k+1
0 . FO+1—1 r—1 —ZI’ T
3= CPO) =— =1 i=0
i r—1 F k+1
ot =1 r—1
Zrl —__ = <Pk
—r r—1 inductive hypothesis B Fhrl rk+1(r 1
=1 r—1
B (rk-l—l _ 1)—|—I"k+l(l"—1)
B r—1
rk 1_|_rk+2 rk+1
- r—1
rk—|—2_1
T
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© Susann:

Theorem 5.2.3 Sum of a Geometric Sequence

For any real number r except 1, and any integer n > 0,

n
; rn+1_l
E r :—I .
r_
i=0

Proof (by mathematical induction):

Suppose r 1s a particular but arbitrarily chosen real number that is not equal to 1,
and let the property P(n) be the equation

1

n ;
; .?’H_I _
E r = —l
r J—
i=0

We must show that P(n) is true for all integers n = 0. We do this by mathematical
induction on n.

— P(n)

Show that P(0) is true:

To establish P(0), we must show that

Z"’i:r ~ P(0)
, r—1

The left-hand side of this equation is r” = 1 and the right-hand side is

jrc”f'—l_r—l_l

r—1  r—=1

also because r! = r and r # 1. Hence P(0) is true.
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Show that for all integers k = 0, if P(k) is true then P(k + 1) is also true:

[Suppose that P(k) is true for a particular but arbitrarily chosen integer k = 0. That is:]
Let k be any integer with kK = 0, and suppose that

E+1 _
E :rl' — r ] 1— P[JE..'] .
: r—1 inductive hypothesis

© Susanna S. Epp, Kenneth H. Rosen, Mustafa Jarrar, and Nariman TM Ammar 2005-2016, All rights reserved
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[We must show that P(k + 1) is true. That is:] We must show that

k+1

E r‘ = 1 s
r R
i=0

or, equivalently, that
k+1 k+2

E rE:—r
s r—1
i=0

[We will show that the left-hand side of P(k + 1) equals the right-hand side. |
The left-hand side of P(k + 1) 1s

— Plk+1)

k+1 k
i i by writing the (k4 1)st term
Zrizzr:_'_rk—l—l Y £ (k+ 1)s
separately from the first k terms
i=0 i=0
k+1 o
_F — 1 + Pt by substitution from the
o r—1 inductive hypothesis
P a | Al (r—1) by multiplying the numerator and denominator
= 1 | of the second term by (r — 1) to obtain a
r— r—= common denominator
(rk+| _ 1) + rk+l(r _ ])

o by adding fractions
r—1

k+1 k+2 k41 S .
r I +r r by multiplying out and using the fact

B r—1 that rkt!.p = pkt1 p1 — pk42

rk+2 —1

= — by canceling the rf*1s,
r—1

which 1s the right-hand side of P(k 4 1) [as was to be shown. |
[Since we have proved the basis step and the inductive step, we conclude that the theorem
Is true. |
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a. 1+3+3%+ - -+3m2=3Mm2/1_1/3 -1
by applying the formula for the sum of a geometric sequence with r=3

and
n=m-2
_3m1—1
—T

32+ 33+ 34+ -+ - 4 3Mm= 32(1 + 3+ 32+ s s s 3m—2)
by factoring out 32

m-1_
=9 X % by part (a).
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Mathematics in Programming
Example : Finding the sum of a integers

Same Question: Prove that these programs prints the same results
incase n > 1
For (i=1, i<n; i++)
S=S+i;
Print ("%d", S);

S=(n(n+1))/2
Print (“%d” S);
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Mathematics in Programming
Example : Finding the sum of a geometric series

Prove that these codes will return the same

output.
int n, r, sum=0; int n, r, sum=0;
int i; scanf("%d",&n);
scanf("%d",&n); scanf("%d",&r);
scanf("%d",&r);
if(r!=1){
if(r'=1) { sum=((pow(r,n+1))-1)/(r-1);
for(i=0 ; i<=n; i++) { printf("%d\n", sum);
sum = sum + pow(r,i); }
¥
printf("%d\n", sum);
¥
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Mathematical Induction II
Proving Divisibility



j Mathematics in Programming
Proving Divisibility Property
What will the output of this program be for any input n?

int n;
scanf("%d",&n);

if(n >=0) {
if( (pow(2,(2*n)) -1) %3 == 0) \\ does 2°2n -1 | 3?27 \\
printf("this property is true");
else

printf("this property isn't true");
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Proving a Divisibility Property

For all integers n> 0, 227-1is divisible by 3.

3| 227-1 — An)

Basis Step:  Show that P(0) is true.
P(0);: 220 -1=20-1 =1-1 = 0 a3 |0, thus RO)is true.

Inductive Step: Show that for all integers k = 0, if P(k) is true then Ak + 1)
/s also true.
Suppose: 22 — 1 is divisible by 3. < AK) inductive hypothesis
22k — 1 = 3rfor some integer r.
We want to prove 22(4+1) —1 is divisible by 3. — Ak+1)
22(k+1) — 1 = 22k+2 — 1 by the laws of exponents
=22 =22 —1 =224 -1
= 2253+ 1) —1=2%"3 + (2°-1) = 2’ 3 + 3r
= 3(2%¢+ r) Which is integer
so, by definition of divisibility, 22+1) — 1 is divisible by 3
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Outline a proof by math induction for the statement:
For all integers n > 0, 5" - 1 is divisible by 4.

Proof by mathematical induction:
Let the property P(n) be the sentence

57— 1 is divisible by 4. <« the property P(n)
Show that the property is true for n = 0O:
We must show that 5° — 1 s divisible by 4.
But5°-1=1-1 =0, and 0 is divisible by 4 because 0 = 4 - 0.
Show that for all integers k> 0, if the property is true for n = &,
then it is true for n = K+ 1:

Let & be an integer with k> 0, and suppose that
[the property is true for n = k.

5k —1 is divisible by 4. <« inductive hypothesis
We must show that Pk + 1) is true.

5k+1 — 1 s divisible by 4.

© Susanna S. Epp, Kenneth H. Rosen, Mustafa Jarrar, Nariman TM Ammar and Ahmad Abusnaina 2005-2018, All rights reserved 49



Scratch Work for proving that
For all integers n > 0, 5"-1 is divisible by 4.

5k.5 — 1
5k-(4 + 1) — 1
= 5k.4 4511

= 54+ G )

Note: Each of these terms is divisible by 4.

5k+1_ 1

So: 5x1—1= 5k4+4.r (whererisan integer)
= 4-(5¢+ 1)

(5% + 1) is an integer because it is a sum of products of integers,
and so, by definition of divisibility 5%*1— 1 is divisible by 4.
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Proving Inequality

For all integers n> 3,2n+ 1< 2n

Let P(n) be 2n+1<2”
Basis Step: Show that P(3) is true. P(3): 2.3+1 < 27 which is true.

Inductive Step: Show that for all integers k > 3, if P(k) is true then Rk + 1)
Is also true:

Suppose: 2k +1<2kis true < A k) inductive hypothesis
2(k+1) +1 < 261 — Ak+1)
2k+3 = (2k+1) +2 by algebra

< 2k + 2k as 2k + 1 < 2%by the hypothesi
and because 2 < 2% (k= 2)

“2k+3 < 2:2k=2k1

[This is what we needed to show. ]
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Exercise

For each positive integer n, let P(n) be the property

2" = (n+ 1)
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Proving a Property of a Sequence

Define a sequence &, &, & . .. as follows:
g = 2
a, = 5a.4 for all integers k= 2.

31: 2
=54, ,=54,=52=10
=5a;_{=5a,=5-10= 50
34: S5a, 4= S5a;= 550 =230

Property = The terms of the sequence satisfy the equation
a,=2"5m
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Proving a Property of a Sequence

Prove this property:
a,= 2 -5"! for all integers n>1
Basis Step:  Show that P(1) is true.a, = 2 * 511 =2+ 50=2

Inductive Step: Show that for all integers k =2 1, if P(k) is true then P(k + 1)
/s also true:

Suppose: a,= 2+5+1 «— A K) inductive hypothesis
ey =2 .5% — Rk+1)
= 584+ 1)1 by definition of a;, &, a; . . .
= 5a,
=5.(2.5%) by the hypothesis
=2.(5.5+1)
=2.5¢

[This 1s what we needed to show. ]
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Important Formulas

Formula for the sum of the first n integers: For all integers n > 1,

~n(n+1)
==

1+2+3+---+n

Formula for the sum of the terms of a geometric sequence: For all
real numbers r= 1 and all integers n > 0,

n+1
Lt r+r24r34...4pn= " ~1

r—-1
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Exercises

a. 1+2+3+.---4+100 = 100(100+1)=50(101)=5050
b.1+2+3+---+k = k(k2+1)
c. 1+42+3+ -+ (k-1)= (k—1)((/2(—1)+1):(k—21)k
d 4+45+6+ - -+ (k—-1)=0Q+2+3+---+(k-1)-(1+2+3)
=k(k_1)—(1+2+3)=k(k_1)—6
3k+1_1
e. 3+32+33+ ... +3k =(143+3%2+33+...435) 1= 31 -1
3k+1_1 3k+1_1 2 3k+1_3
— 1= _f
2 2 2 2
£ 3+324334 ... +3k = 31+3+3%4+..43¢]
(k-1)+1 K
_ 3£3 —1]_3(3 ~1)
3-1 2
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